DENSELY THE 2-SPHERE 
HAS AN ELLIPTIC CLOSED GEODESIC 



GONZALO CONTRERAS AND FERNANDO OLIVEIRA 

Abstract. We prove that a riemannian metric on the 2-sphere or the projective plane can 
be approximated by a C°° metric whose geodesic flow has an elliptic closed geodesic. 



In this paper we show how to overcome a difficulty presented by Henri Poincare in the 
generic case. In 1905, H. Poincare j34l p. 259] claimed that any convex surface in should 
have an elliptic or degenerate non self-intersecting closed geodesic. This is, the linearized 
Poincare map of the geodesic flow at the closed geodesic has an eigenvalue of modulus 1. In 
1980, A. Grjuntal [T3' showed a counterexample to Poincare's claim. Victor Donnay [2], |10j 
constructs an example of a C°° riemannian metric on the 2-sphere S"^ which has positive 
metric entropy and all whose closed geodesies but a finite number (which are degenerate) 
are hyperbolic. Donnay's theorem is not known in positive curvature. It is also not known 
if there exists a riemannian metric on 5^ all of whose closed geodesies are hyperbolic. 

Here we prove 

Theorem A. 

A riemannian metric on the 2-sphere or the projective plane can he approximated by 
a C°° metric with an elliptic closed geodesic. 

In August 2000 at Rio de Janeiro's dynamical systems conference, Michel Herman |15j 
conjectured the above result and announced a proof of it in the case of positive curvature. 
His proof used, as we shall also do, Ricardo Mane's theory on dominated splittings adapted 
to the geodesic flow and also an equivariant version of Brouwer's translation theorem. We 
shall see that in the positive curvature case one can replace the use of Brouwer's translation 
theorem by the intermediate value theorem on the interval. For the non convex case we 
use Hofer, Wysocki, Zehnder theory on Reeb flows for generic tight contact forms on the 
3-sphere S^. 

Theorem A is a version for geodesic flows of a theorem by Sheldon Newhouse In 1977, 
Newhouse proved that if is a smooth hamiltonian on a symplectic manifold, is a regular 
value for H and the energy level H~^{0} is compact, then there is a perturbation Hi of H 
such that the hamiltonian flow on H^^{0} is either Anosov or it has an elliptic closed orbit. 
But Newhouse's arguments heavily rely on a closing lemma for hamiltonian systems, 
which is not known for geodesic flows. Newhouse's theorem applied to the hamiltonian 
which corresponds to the geodesic flow would give a approximation to the metric g by 
a Finsler metric and not a riemannian metric. This is because all the known proofs for the 
closing lemma rely on local perturbations of a vector field in its phase space. A perturbation 
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of a riemannian metric is never a local perturbation of the geodesic flow on the unit tangent 
bundle because the support of the perturbation is a union of fibers. 

By a theorem of Wilhelm Klingenberg and Floris Takens |21] (see also the Kupka-Samle 
theorem in page I21|) for any r > one can perturb in the C°° topology a degenerate or 
elliptic periodic geodesic to make the r-jet of its Poincare map generic, in particular, with 
torsion. 

By Jurgen Moser's invariant circle theorem |29| 2.11] and Birkhoff's normal form, a 
generic elliptic closed geodesic in a C°° surface has an invariant torus separating the phase 
space. Theorem A then implies that there is a C"^ dense set of riemannian metrics on S"^ 
or whose geodesic flow is not ergodic for the Liouville's measure. The eigenvalues of 
the linearized Poincare map of a generic elliptic geodesic is invariant under topologi- 
cal equivalences, because they can be seen as limiting rotation numbers on invariant torii 
converging to the geodesic. Then theorem A implies that there are no structurally stable 
geodesic flows on S*^ or P^. 

Theorem A also allows to partially generalize a result of Vladimir Lazutkin |2Zj which 
says that the billiard map in the interior of a C°° embedded curve in with positive 
curvature is not ergodic. In our case we obtain that a strictly convex domain in with 
boundary in a residual set in the topology, the billiard map in its interior has a 
set of positive measure of invariant quasi-periodic tori. Indeed, using the KAM theorem, 
Svanidze [32] announced in R^, and Valery Kovachev and Georgi Popov [201122] proved this 
result in M", n > 3, provided that the geodesic flow on the boundary has an elliptic periodic 
geodesic which is fc-elementary, k > 5. 

We sketch the proof of theorem A . Since S"^ is a double cover of P^, the result on P^ can 
be inferred from the result on S'^. Let Ti.{S'^) be the set of riemannian metrics on S'^ 
all of whose closed geodesies are hyperbolic. Let T^{S'^) be the interior of 7^(5^) in the 
topology. One has to prove that J^^{S'^) is empty. In [Hj it is proven that if 5 G J^^{S'^) then 
the closure Fer(g) of the set of periodic orbits for is a uniformly hyperbolic set. Moreover, 
it contains a non-trivial basic set A. One can also assume that the geodesic flow for g is 
Kupka-Smale because in [H] it is proven that the Kupka-Smale metrics are dense. 

If the metric g has positive curvature, George Birkhoff shows that there exists a simple 
closed geodesic 7 such that the geodesic flow on T^S'^\T^ admits a global transversal section 
homeomorphic to an open annulus. The Poincare's return map / to the section preserves a 
finite area form and the return time is uniformly bounded away form zero and infinity. In 
section ^we show how to use that Fei{g) is infinite, uniformly hyperbolic and that / is 
Kupka-Smale and area preserving to overcome the closing lemma problem and arrive to a 
contradiction. 

When the curvature of g is not strictly positive, the return map to the Birkhoff's section 
may not be defined everywhere. Instead of using the Birkhoff section we chose to lift the 
geodesic flow to a Reeb flow of a (tight) contact form on S^. If the metric is Kupka-Smale, 
Hofer, Wysocki, Zehnder |22 theory implies that either 

• there is a periodic orbit 7 such that the Reeb flow on S^\^ admits a global transversal 
section homeomorphic to a disc with Poincare's return map preserving a finite area 
and uniformly bounded return times. This is called the dynamically convex case and 
the proof in this case also holds for the Birkhoff's section in the positive curvature 
case. 
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or 

• there is a finite set of periodic orbits 71, . . . and a global system of transversal 
sections on \ U^^7j. The return map preserves an area form of finite total area 
but it is not defined everywhere. The return time is bounded away from zero but it 
becomes infinite only at the intersection of the stable manifolds of a fixed finite set 
of periodic orbits. This case is called non dynamically convex. 

In section ^we show how to lift the geodesic flow to the Reeb flow of a tight contact 
form on 5^. In section ^ we summarize the Hofer, Wysocki, Zehnder theory on global 
sections for generic Reeb flows of tight contact forms on and prove the lemmas that we 
need for the non dynamically convex case. In section ^we prove theorem A . 

G. Contreras wants to thank the hospitality of Universidade Federal de Minas Gerais 
where part of this research was done. 



1. Lifting of the geodesic flow. 

A contact manifold is a pair (N, A), where N is an odd dimensional smooth manifold and 
A is a contact 1-form, i.e. A A dA" is a volume form on N, where dim = 2n + 1. The Reeb 
vector field Y of {N, A) is the unique vector field determined by 

iYdX = and X{Y) = 1. 

Write S'^ = {z £ C"^ \ \z\ = 1}, z = {zi, Z2) = [qi + ipi,q2 + ^^2)- The standard contact 
form on is 

2 

-^0 := ^ E [P» dqa - qa dpa] = k [P^q - qdp]\s3- 

1.1. Proposition. For any riemannian metric g on S"^ , the double cover of the geodesic 
flow of {S'^,g) is conjugate to the Reeb flow of a positive multiple f{z) Aq, f{z) > of the 
standard contact form Aq on . 

Proof: We need to see the geodesic fiow on 5^ as a Reeb vector field. For background 
material see dSl or inni- Let vr : TS^ 5^ be the projection tt{x, v) = X. The tangent 
space to TS^ can be decomposed TgTS'^ = H{e) V{e) where V{9) = kerdgn and H{9) is 
the kernel of the connection map. The maps deir : H{9) T^(5))S'^, : V{9) -^■ T^(e)5^ 
are linear isomorphisms and they induce the Sasaki's riemannian metric on TS'^ by 

((Ci,C2))e := (/ii>2)7r(e) + (^'i, ^'2)7r(e), 

where Q = {hi,Vi) H (B V. The Liouville's 1-form on is defined @(^x,v)C '■= 
{v,d'K{C))x, where vr : T^S"^ — > 5^ is the projection 7r(x,u) = x. Its differential u) = dQ is a 
symplectic form on TS"^ and is computed as 



'^(Ci, C2) = {vi, h2)x - {V2, hi) 



1/x, 



where Q = {hi,Vi) H (BV. In particular lo A to is a volume form in TS"^. The vector 
field Z(x,v) = (0, f) is the unit normal vector to the unit tangent bundle T^S'^ under the 
Sasaki metric. Its contraction izu! is the Liouville's form 0. Then A dQ = ^iz{u> /\ uj) is 
a volume form on T^S'^ and (T^S'^, 0) is a contact manifold. 
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In the decomposition T{TS'^) = H (BV, the geodesic vector field is written as ^(x,^) = 
{v,0). Then on the unit tangent bundle T^S"^ we have that 



Then the geodesic vector field is the Reeb vector field of the Liouville's 1-form. 

The unit sphere bundle T^5^ of is diffeomorphic to the special orthogonal group 
50(3) by identifying the orthogonal matrix with columns [x, v,xxv] with the unit tangent 
vector {x,v). The map / : 5*0(3) S'^, f{[x,v,x x v]) = x corresponds to the projection 
TT : T^S'^ — > 5^. The fibers of the map g{[x,v,x x v]) = x x v are the unit tangent vectors 
to the oriented great circles of 5^ (with axis x x v). 

We show that the double cover of 50(3) is the 3-sphere S^. We identify as the unit 
norm quaternions and S'^ as the unit norm quaternions q E Q with zero real part. 

Q = {xq + xii + X2j + x^k I Xq, G M, = j'^ = = —1, ij = k, jk = i, ki = j }. 

The covering map is R : S"^ ^ 5*0(3), Rq{x) := q~^xq = qxq. Indeed, if \x\ = 1, then 
|i?5(x)| = 1 so that Rq is orthogonal. Since Rq{l) = 1, p{q) preserves the above embedding 
C S^. Since Ri = id and q Rq is continuous, we have that Rq preserves orientation. 
The group 50(3) is the set of orientation preserving rotations. It is generated by the sets 
Ui, Uj, Uk of rotations around the three coordinate axis. In order to prove that the map 
Rq is surjcctive it is enough to prove that Ui, Uj, U^ are in the image of R. We only prove 
that Ui C R{S^). The rotation axis of Rq, q = a + y, a e M., ^{y) = is the direction 
of y in = K~^{0} C Q, because in this case qy = yq and then Rq{y) = qyq = q- If 
q = a + ib = e^^ and x = zj, with z G C, then Rq{zj) = e~^^zj e*^ = e~'^^^zj. So that Rq is 
the rotation of angle 29 with axis i. 

Define the map F : ^ 50(3) = T^S'^ by F{q) = [Rg{j), Rg{k), Rq{i)] = [x,v,x x v]. 
The lift under F of the tangents to the oriented great circles of 5^ are those q £ for 
which Rq{i) takes a fixed value. We show that F*Qo = 2Xq, where Go is the Liouville's 
form for the metric go with curvature +1. 

Let (•, •) be the euclidean inner product on Q. Observe that for gi, ^2 € Q we have 
that 



For G TqS'^ , q = qi + pi i + q2 j + P2 k, ( = x + yi + zj + wk, the standard contact form 
Ao is written as 



e{Xix,v)) = {v,v)^ = l, 
{ixcv)0{O = {9,d7r{OU0) = m9),(h = 0. 



(91,92) = ^{qi 92) = ^{qi 92) = ^{q2 qi)- 



Mq) ■ C 



pix - qiy +P2Z - q2W 

{pi - qii+P2j - q2k, C) = {iq, C) 



Since 7roF(g) = {Rq{j) , Rq{k)) 



{x,v), the first component of dn o dqF{Q is 



{dqR{j)-c,*) = iCjQ + qjC,*)- 
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The pull-back F*Qq is given by 

(F*eo), • C = ©0® • dgFiC) = {Rc{k), C J q + qj 

= {qkq, Cjq + qjC) = 'Si [{( j q)q k q + qk q {q j ()] 
= ^ \Cjqq{-k)q-qkqqjC] 
= ^[-Ciq] +?fi[qiC]. 

Since ^[qiC] = ^[fiC]= ^-Ciq], 

{F*Qo)g-C = 2^-Ciq] =2Ao. 

If g is another riemannian metric on 5^, using isothermal coordinates (e.g. [7]) one can 
show that there exists a diffeomorphism h : S"^ ^ S'^ and a smooth positive function 
f : S'^ —>■ M"*" such that h*g = fgo. Since h is an isometry between {S^,fgo) and {S^,g), 
the map dh : TS"^ TS^ conjugates their geodesic flows. Using h we can assume that 
g = f go- Let H : (T^S'^,go) {T^S'^,g) be the map {x,v) ^ {x,v/^/f(^) and let 6 be 
the Liouville's form for the metric g = f go- Then 

= 0(^)-^^(C) 

= 9x{^, d-K-C) = f{x) 9o{^, dTT ■ C) 

= \/7M 9o{v, dvr • C) = a/TM ©o(a;, v) ■ C- 

So that H*<d = yJJT^ Go. Then F*H*e = 2 V/ o vr o F Aq. If X is the vector field of the 
geodesic flow for {S'^,g = f go), since X is the Reeb flow of the Liouville's form for g, then 
{F o H)-^{X) is the Reeb vector field for 2 V/ °vr oF Aq. □ 

2. Generic tight contact flows on 

In this section we summarize the theory of contact flows on by Hofer, Wysocki and 
Zehnder that we shall need. A description of the theory is given in [201 ^^'^ the proofs can 
be found in pT] . 

Write := { z £ C'^ \\z\ = 1}, z = {zi,Z2) = {qi + ipi,q2 + ip2) with Zj £ C and 
Pj, qj G M. Let 

2 

be the standard contact form in S^. In the following we shall only consider contact forms 

A = / • Ao, 

where / : S"^ — >]0,+oo[ that we shall call tight contact forms. Any such A is indeed a 
contact form in because 

A A dA = /2 . (Ao A dXo) 

is a volume form if /^^{O} ^ 0. The Reeb vector field of A is the vector field X on 
defined by 

ixdX = and X{X) = 1. 
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Its flow (^t is called the Reeb flow of A. The contact structure of A is the distribution of 
linear 2-dimensional subspaces 

^ = ker A. 

The contact form A and its contact structure ^ are invariant under the derivative of the 
Reeb flow because 

LxA = d(ixA) + ixdX = 0. 
The derivative dX is a symplectic (i.e area-) form on any 2-dimensional subspace which is 
transversal to the vector field X, in particular on the contact structure ^. 

2.1. Closed orbits of the Reeb flow. 

Let X : [0, T] ^ S"^ be a periodic orbit for (ft with period T. Then T is a multiple of 
the minimal period of x. We shall say that {x, T) is non- degenerate if the number -|-1 is 
not an eigenvalue of its linearized Poincare map dipx]^, restricted to ^ = ker A. Since dipr]^ 
preserves the area form dX\^, its eigenvalues have the form {^i,/i2} = {^jT^j (7^)""^ }• 
Hence, if {x,T) is non-degenerate, either = 1 or G R \ {0}. We say that {x,T) is 
hyperbolic if /x G M, / ±1 and that {x,T) is elliptic if G C \ M, |//| = 1. We shall also 
distinguish between (-l-)-hyperbolic orbits, when > 0; and (—) -hyperbolic orbits, 

when iJ:, fi~^ < 0. 

We describe now one characterization of the Conley-Zehnder index of a non-degenerate 
periodic orbit {x,T). Assume that {x,T) is non-degenerate. Since 7ri(5^) = 0, 
x : — > S'^ is contractiblc. Choose a map vd : D ^ S'^, D := { z ^ C\\z\ < 1} 
such that V£){e'^'^^^) = x(Ts). Then the contact bundle v'^ is trivial. Choose a trivialization 
v'^ ^ D X 'M? D X C Write the derivative of the Reeb vector field on this trivialization 

:= difsTk e Sp(l) = {Ae M^""^ I dot ^ = +1 } , < s < 1. 

This arc of symplectic matrices starts at the identity $(0) = / and ends at the linearized 
Poincare map $(1) = dipt\^- Let z e C \ {0} and z{s) := ^{s)z. Choose a continuous 
argument 9{s) for 

^2niOis) ^ 0<s<l. 

Define the winding number of $(s)z by 

A{z) := 0(1) - e{0) e R, 
and the winding interval of the arc (f) by 

m :={A(z)|zeC\{0}}. 
2.1. Lemma. length [/($)] < i. 



Proof: Let z{s) := ^{s)z, w{s) := ^{s)w and u{s) := z{s)w{s) G C. Observe that 
A{u) = A{z) — A{w). Assume that |A('u)| > ^. Then there exists < so < 1 such 
that z{so) = Tw{so) for some r G M \ {0}. Then z{s) = tw{s) for all s G [0,1]. Hence 
A{z) = A{w), which contradicts \A{z) — A{w)\ > ^. □ 

Then the winding interval cither lies between two consecutive integers or contains an 
integer. Define the Conley-Zehnder index of the non-degenerate periodic orbit (x, T) by 

/ f2A:+l a I(<^)€]k,k + 1\] , ^ 

Li(x,T) := um := < . ' ?, k E Z. 

' ' ' \2k if ke I $ J 
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The integer depends only on the homotopy type of the chosen disc map 
Since vr2(5^) = 0, the index^ fi{x,T) is weh defined. 

Observe that the winding number A(2:o) is an integer if and only if <I>(l)zo 
some fi > 0. Hence 

n{x, T) is even <^=^ (x, T) is (+)-hyperbolic. 

T) is odd <^=^> (x, T) is elliptic or (— )-hyperbolic. 

We also define the self-linking of a closed orbit (x, T).Take a disc map vd ■ D ^ such 
that vnie^^^^) = x{sT), < s < 1. Choose a nowhere vanishing section Z of the pull-back 
bundle uj)^- Then Z is nowhere tangent to x. Pushing x slightly in the direction of Z we 
obtain a loop x' which is transversal to and disjoint from x. The two loops x, x' have 
a natural orientation induced by the orientation of dD. Define the self-linking number of 
{x,T) 

sl{x,T) := I{x',vd) £ ^, 
as the oriented intersection number of x' with vo- This number does not depend on the 
choices of or Z. Indeed, using a trivialization of vj^^, the section Z is a function 
Z : D ^ C\{0}. Since 7r2(C\{0}) = 0, Z is homotopic to a constant function Z : D ^ {!}. 
Then the loop x' is isotopic to the loop {x} obtained from Z and thus it has the same 
intersection number as x. Similarly, sl{x, T) only depends on the homotopy type of vn, but 
since tt2{S^) = 0, there is only one homotopy type. 

2.2. Finite energy surfaces. 

An almost complex structure compatible with A on is a linear bundle map J '■ C ~^ ^ 
such that = —Id and such that the quadratic form 

C X ^ 9 (/i,/c) I — > dX{h,Jk) 

is positive definite on each fiber of the product bundle ^ x ^. The set of smooth almost 
complex structures compatible with A is always non-empty and contractible. We extend J 
to an almost complex structure J on the product M x by setting 

Jia,bX + h) = {-b , aX + Jh), for a, 6 G M, /i G ^. 

Let S := CU {cxd} be the Riemann sphere and let F C S be a finite set (of "punctures"). 
Let j : TT, — > TS, j{z) = iz, be the complex structure on S. 

2.2. Definition (cf. 20, appendix]). 

A (spherical) finite energy surface is a map u = (a, li) : S \ r ^ M X such that 

(1) n:S\r— >RxS'^zs proper and non- constant, 

(2) du o j = J o du, 

(3) / u*dX < +00. 

Js\r 

A finite energy plane is a spherical finite energy surface with only one puncture T = {oo}. 

^i.e. two such discs Vi : Di ^ , i — 0,1, can be joined to form a sphere u : — Do U Di — + . Since 
7r2(<S'"^) — 0, u{S^) is the boundary of a 3-ball in S"^. One can use the ball B'^ to construct a homotopy 
vt, between vq and vi with Ui(e^'^") = x{sT) for all s,t £ [0, 1]. 



8 



GONZALO CONTRERAS AND FERNANDO OLIVEIRA 



The integrand in (jS)) is always non-negative, and it is positive at the points where the 
projected map u : S \ F — > S''^ is transversal to the Reeb vector field. 

The set of punctures T must be non-empty because if F = then u is constant j2()[ 
lemma 3.4]. The behaviour of a finite energy surface near a puncture is classified by the 
following 

2.3. Lemma ([201). Let u:S\F^Mx5^ be a finite energy surface and 7 G F a puncture. 
Then one of the following cases hold, where u = (a,u): 

• positive puncture: lim 0(2:) = +00; 

• negative puncture: lim a{z) = —00; 

2— »7 

• removable puncture: lim a{z) exists in M. 

In the case of a removable puncture 7 there exists a neighbourhood U^j) of 7 such that 
u is bounded on U{T) \ {7}. By Gromov's removable singularity theorem it can be 
extended smoothly over the puncture 7. Hence we only consider positive and negative 
punctures: 

F = F+ UF". 

A special example of a finite energy surface is the following. Let {x, T) be a periodic 
orbit of the Reeb vector field. Then the map u : C \ {0} ^ M x S''^, 

u{e'^''^'+'^^) = {Ts,x{Tt)) G R X 

is an embedded finite energy surface in M x S^. Its dA-energy vanishes: 

/ u*dX = 0. 
Jc\{o} 

Its image F = u{C \ {0}) is fixed under the M-action on M x S^. 

At a puncture 7, a finite energy surface converges to a periodic orbit (x^, Ty) of the Reeb 
vector field which is called the asymptotic limit of the surface at the puncture. Its period 
T-y can be a multiple of its minimal period r^. When = we say that (x^, T^) is simply 
covered by u. Now we describe better the local form of tt = (a, u) : S \ F ^ M x S"^ near a 
puncture. 

Assume that the asymptotic limit (x, T) associated with the puncture is a non-degenerate 
periodic orbit. Fix holomorphic polar coordinates cy{s,t) in a punctured neighbourhood of 
the puncture 7 G F, we have the asymptotic behaviour 

lim u o a{s, t) = x{mt) in C°°{S^), 

s—^oo 

where 7 = lim^^oo <7(s, t) and (x, T) is a periodic orbit of the Reeb vector field with (perhaps 
non-minimal) period T = \m\. When 7 G F"*", m = T and when 7 G F~, m = —T. 

One can give coordinates to a neighbourhood of the asymptotic limiting periodic orbit P 
of the form S'^ x M^, 5"^ = R/Z, with P = S'^ x {0} and {0} x tangent to the constant 
structure ^. In such coordinates 

either 

• there exists c G M such that 

u o a{s, t) = {ms + c, mt), for (s, t) G 5^ x M^, 
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and its whole projection u{T, \ F) = P is only the asymptotic limit, as in the example 
above; 

or, 

• the projected map u has the form 

u o a(s, t) ~ (mt, e'^*e(t)) , as s — > oo; 

modulo lower order terms in s. In a positive puncture s — > +00 and /x < 0, in a 
negative puncture s — > —00 and ^ > 0. Therefore near such a puncture there is 
a precise directional convergence of u to the periodic orbit given by the periodic 
non-vanishing vector field 

(4) e{t) = hm ^ G C.(mt) \ {0}, t e = M/Z 

s^oo \OsU\ ^ ' 

in the contact structure ^ along P . 
In the later case above, by Stokes theorem 

^ - J]] = / u*d\ > 0, 

7er+ 7er+ 

where {x^,T^) is the asymptotic limit of u at 7. It follows that such u must have at least 
one positive puncture. 

A neighbourhood of the puncture looks like ]0, +oo[xS'^. To this we add {+C!o} x S^. 
In this way one obtains a circle compactification S of E \ {7} and u : T,\T ^ can be 
extended to a smooth map u : T, ^ S"^ such that the boundary circles parametrize the 
periodic orbits which are the asymptotic limits of the punctures. On a positive puncture, 
7 G r^, the orientation of the limiting periodic orbit coincides with the orientation of the 
boundary circle of S and on a negative puncture the orientations are reversed. 

Define the Conley-Zehnder index 0/ u : E \ F M x 5*^ by 

7er+ 7er- 

where (x^, T^) is the asymptotic limit of u at 7 and fj,{x,T) is the Conley-Zehnder index of 
a periodic orbit (x, T) defined above. 

Note that given a finite energy surface u = {a,u) : S \ F — M x 5^, and c G M, the trans- 
lated map 

Uc{z) := {a{z) + c, u{z)) , z G E \ F, 

is also a finite energy surface because J is invariant under translations in the first factor 
M. Hence a finite energy surface always belong to a 1-parameter family of finite energy 
surfaces, invariant under the M-action on M x S^. 

We define the index of an embedded finite energy surface F = n(E \ F) by 

Ind(F) ■.= i^{F)-x{S^) + ^F, 

where //(P) = x(>S'^) = 2 the Euler characteristic of S"^ and jjF := (JF. Observe that if 
u is an embedding fi{F) only depends on the image F and not on u. This index describes 
the dimension of the moduli space consisting of nearby embedded finite energy surfaces 
having the same topological type. 
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2.3. Zoology of embedded finite energy surfaces with low indices. 



In the following we shall only be interested in finite energy surfaces 

u = {a,u) :T,\T ^Rx 

such that 

• its projection n : S \ F ^ is an embedding, 

• have exactly one positive puncture, 

• its image F = u{T,\ T) has indices fj.{F) G {1, 2, 3} and Ind(F) G {1, 2}. 

Assume that all the periodic orbits are non-degenerate. Let (x, T) be an asymptotic 
limit of such u. Take a disc map vd ■ D ^ S'^such that f_D(e^'^*) = x{tT) and choose a 
nowhere vanishing section Z of the pull-back v*j^5, of the contact bundle ^. Then there exists 
a nowhere vanishing function f{t) G ^x{t) along the orbit such that the linearized Reeb flow 
along the orbit has the representation 

dx{o)'^t ■ V = f{t) ■ Z{x{t)), 

where the dot at the right denotes the complex multiplication with respect to the complex 
structure J on ^. By the definition of the Conley-Zehnder index we have the following table 



^J,{x,T) 


change of argument of / 
along a full period 




eigenvalues of dx{Q)ipT 


1 


< A arg / < 27r 




elliptic or (— )-hyperbolic 


2 


A arg f = 2tt 


if V is an eigenvector of 
the linearized Poincare map 


(-l-)-hyperbolic 


2 


vr < A arg f < Sn 


otherwise 


(-l-)-hyperbolic 


3 


< A arg / < 27r 




elliptic or (— )-hyperbolic 



If the projection n of n is an embedding and 7 G F is a puncture there is a precise 
directional convergence in ^ towards the asymptotic periodic orbit, described by the vector 
field e{t) G ix(t) from ©. 
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Figure [I] This figure shows the stable 
and unstable manifolds of a binding periodic 
orbit P of Conley-Zehnder index 2 and the 
approach of a finite energy surface E having 
P as asymptotic limit. 



Figure 2. The figure shows the winding 
of the flow near periodic orbits of Conley- 
Zehnder indices 1 and 3, relative to a finite 
energy cylinder. The Reeb vector field is 
transversal to the finite energy surface. Two 
orbits intersecting the surface are shown. 



Consider for example 7 G and assume that the asymptotic limit P-y has Conley- 
Zehnder index 2 or 3. Then it can be proved (cf. jl9l I21j ^ that the vector e describing 
the approach towards the periodic orbit has winding number at most 1 with respect to the 
nowhere vanishing section Z. This means that the flow turns faster (more than 27r) around 
the periodic orbit than the approaching surface if the Conley-Zehnder index is 3. 

If the Conley-Zehnder index is 2, the situation is a bit more subtle. Assume that the 
vector e{t) describing the directional convergence has winding number 1. Since fJ-iP-y) = 2, 
the stable and unstable subspaces of the periodic orbit have winding number 1 (they are 
generated by nowhere vanishing sections of ^ whose winding can be measured with respect 
to Z) and intersect a transversal section in a pair of transversal lines creating four quadrants. 
The trace of e on this transversal section will lie on one of this quadrants. See figures El 
for more detail. 

If 7 S r~ and if the asymptotic limit has Conley-Zehnder index 1 or 2, then the winding 
number of the vector e{t) describing the asymptotic approach is at least 1. This time the 
surface turns faster than the flow around the orbit if the Conley-Zehnder index is 1. If the 
index is equal to 2, the periodic orbits is (-l-)-hyperbolic and the surface turns as fast as the 
flow, similar to the behaviour near the positive puncture of index 2. See figures 0121 121 HI 



Now assume that u satisfies the three items above. Let fj,'^ be the Conley-Zehnder index 
of its (unique) positive puncture. The negative punctures in T~ all have /i-indices > 1 if 
r~ 7^ 0. Denote by Nj the number of negative punctures having //-index equal to j, where 
j > 1. We have that Ind(F) > 1. Hence 



Ind(F) -Y^jNj - 2 + {l + ^r-)> 1. 
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This is equivalent to 

I 

(5) Y,{j-^)N,<^J^^-2. 

We conclude for the index of the positive puncture that 

2 < 

If = 2, it follows from © that A^^- = for all j > 2. If /x+ = 3, we conclude that iV2 < 1 
and Nj = for all j > 3. In both cases there is no restriction on the number of negative 
punctures with /x- index equal to 1. In order to list the types of such surfaces F we introduce 
the vectors 

(^+,^^,... ,^^), 

where N = jjr~ is the number of negative punctures of F, is the Conley-Zehnder index 
of the unique positive puncture and /ij are the indices of the negative punctures ordered 
so that /ij > Aij+i- Then F must have one of the following types: 

(3,li,...,liv), Ind(F)=2; 

(6) (3,2,li,...,ljv-i), Ind(F) = l; 

(2,li,...,liv), Ind(F) = l. 

The number of negative punctures can be zero. If this happens, the first and third 
cases represent finite energy planes. The second case, for = 1, represents a finite energy 
cylinder connecting a periodic orbit of index 3 [elliptic or (— )-hyperbolic] with a periodic 
orbit of index 2 [(+)-hyperbolic]. 

We point out that the only index that can occur at a positive and a negative puncture, 
although not simultaneously, is the index equal to 2, which belongs to a (+)-hyperbolic 
orbit, where the asymptotic approach of F lies in a quadrant between the stable an unstable 
manifolds. This will be important later on in the decomposition of families of leaves at their 
ends which always takes place along a hyperbolic orbit of index 2. 

2.4. Global system of transversal sections. 

2.4. Definition. We say that a contact form A = /Aq is non-degenerate if all the periodic 
orbits {x,T) of its Reeh vector field are non- degenerate, i.e. the eigenvalues of the linearized 
Poincare map for their minimal periods, restricted to ^ = ker A, are not roots of unity. 

We say that 

2.5. Theorem. [Hofer, Wysocki, Zehnder |2ni2n] ] 

// all the periodic orbits of the Reeb vector field X of the contact form /Aq are non- 
degenerate, then there exists a non-empty set V of finitely many periodic orbits distinguished 
periodic orbits of X which have self linking number —1 and Conley-Zehnder indices in the 
set {1,2,3} so that the complement 

is smoothly foliated into leaves which are embedded punctured Riemann spheres, transversal 
to the Reeb vector field X and converging at the punctures to periodic orbits from V. 
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The leaves F = u{T, \ T) are projections of embedded finite energy surfaces with indices 
Ind(-F) G {1,2} whose asymptotic limits (in V) are simply covered. Each leaf has precisely 
one positive puncture, but an arbitrary number of negative punctures. 

Moreover, there is at least one leaf which is the projection of a finite energy plane and 
whose asymptotic limit P has Conley-Zehnder index ju(P) G {2,3}, (c.f. [211 prop. 7.1]). 

Since the leaves F = u{Ti \ T) are transversal to the Reeb vector field, the 2-form dX\F 
is a positive area form on F and its total area jp dX is finite. 

The periodic orbits in V are called binding periodic orbits and the leaves F with index 
Ind(F) = 1 are called rigid leaves. 

The decomposition of in theorem 12.51 comes from a foliation on M x S"^ by em- 
bedded finite energy surfaces. The binding periodic orbits are projections of surfaces 
F = \r) cRx P, P gV, which are fixed under the M-action on M x 

The rigid leaves are projections of surfaces F = tt($] \ F), with Ind(F) = 1, which belong 
to a 1-parameter family of surfaces having the same asymptotic limits, namely, the orbit of 
F under the M action on S^. The projection of the family is an isolated embedded punctured 
sphere. There are finitely many binding orbits. 

The leaves F = u(S \ F) with Ind(i^) = 2 belong to a 2-parameter family of finite energy 
surfaces all with the same asymptotic limits. One parameter is given by the orbit under the 
M-action on M x 5"^. After projecting by M x 5"^ ^ 5"^, it remains a 1-parameter family 

The foliation gives a decomposition 

5^ = 5oUcSiUcS2, 

where Sq is the set of points in the binding periodic orbits. Si is the set of points in the 
finitely many rigid leaves and 52 is the set of points in the leaves with index Ind(-F) = 2 
which occur in 1-dimensional families parametrized either by or by an open interval 
/ =]0, 1[. In the case of an /-family i*V, the surfaces decompose at each of the ends where 
r ^ and r ^ 1 into two rigid surfaces {C"^,C~} along a hyperbolic binding orbit P 
whose Conley-Zehnder index is equal to = 2. On the orbit P is the asymptotic 

limit at its positive puncture and on C~ , P is the asymptotic limit at a negative puncture. 

2.6. Definition. We say that the contact form fX is dynamically convex if it admits a 
foliation as in theorem \2. 51 which has an -family of leaves F^- with index Ind(FT-) = 1. 




FIGURE 3. FIGURE 4. 
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Figures 13 and 01 show the behaviour of the fohation near a binding orbit 
P. The periodic orbit is shown perpendicular to the page and we only 
draw the trace of the foliation on the page as black lines. The big dot is 
the trace of the periodic orbit. 

In figure|31the binding orbit has Conley-Zehnder index 2, and then 
it is hyperbolic with positive eigenvalues. The inward pointing arrows 
are the trace of the local stable manifold and the outward point arrows 
are the trace of the local unstable manifold. The black lines are the traces 
of 1-parameter families of leaves which split into two rigid surfaces when 
they approach the periodic orbit. Two rigid surfaces are horizontal and 
the other two are vertical. The grey curves indicate the flow. 

In figure^ the binding orbit has Conley-Zehnder index 1 or 3. It 
is either elliptic or hyperbolic with negative eigenvalues. The foliation 
looks the same in both cases. When the orbit is hyperbolic the stable 
and unstable manifolds are Mobius bands which intersect transversally 
the leaves of the foliation. The grey curve represents the flow. 

Consider the Reeb flow in a neighbourhood of a binding periodic orbit P = (x, T) of index 
fJ-{P) S {li3}. The P is either elliptic or (— )-hyperbolic. Fix a disk map vd ■ D ^ 
with f£)(e^'^*) = x{tT) and a nowhere vanishing section Z of the pull back v'^S, of the 
contact bundle The Reeb flow turns around the periodic orbit at a speed approaching 
the argument of the eigenvalues of the linearized Poincare map. When fJ-{P) = 1 and P is 
elliptic, the angular speed may be slow but bounded away from zero. The foliation gives an 
open book decomposition of a tubular neighbourhood of P and the flow is transversal to 
the foliation. All the transverse asymptotic vectors e{t) of the leaves with asymptotic limit 
P must have the same the same (finite) winding number with respect to Z. Then the orbits 
of the flow in a neighbourhood of P return (in the future and in the past) to each leaf with 
asymptotic limit P at a uniformly finite time (c.f. jlSL lemma 5.2]). Since there are only a 
finite number of rigid surfaces, there must be at least one 1-dimensional family of leaves Fr 
with index Ind(i<') = 2. If /Aq is not dynamically convex, then the family decomposes on 
two rigid surfaces, at least one of them having P as an asymptotic limit. Thus if /Aq is not 
dynamically convex, then on a neighbourhood of P, the orbits have uniformly finite return 
times to a rigid surface. 

In the case of a non dynamically convex contact form, the points which lie in a stable 
manifold of a binding orbit P of //-index equal to 2 eventually do not return in the future to 
a rigid surface. Similarly, the points in the unstable manifold of P eventually do not return 
in the past to a rigid surface. Any other point x which is not in a binding periodic orbit 
returns to a rigid surface in a finite (but not uniformly bounded) time. Because flowing it 
a bit if necessary, it lies in an /-family of leaves of index Ind^Fr) = 2. The parameter 
T{x,t) defined by ^pt{x) £ FT{x,t) is strictly monotonous. Its derivative does not approach to 
zero if it is not in the local stable manifold of a binding orbit of /x- index equal to 2. Then 
it reaches one end of the interval where the leaves decompose into rigid leaves. 

Hence in the non dynamically convex case: 

• The set of rigid surfaces S := Si is composed of finitely many connected compo- 
nents, each with finite dA-area and the form dX is non-degenerate on each of them. 

• The points which are not in the stable manifold of a binding periodic orbit of 
Conley-Zehnder index 2 return to XI infinitely many times in the future. 
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• The first return map / is an area preserving local diffeomorphism. It is defined in 
all 5] but the first intersection of the unstable manifolds of binding periodic orbits 
of index 2 with S. 

In the dynamically convex case, the foliation contains an S'^-family of leaves with index 
Ind(-F) = 2. Then decomposes as the leaves of the family plus the binding orbits: 
= SqU 82- Since the foliation contains a finite energy plane (with only one puncture), 
the leaves of the family are topological open discs and there is only one binding periodic 
orbit P with index fJ,{P) = 3 by table ©• This gives an open book decomposition of S^. In 
such case it has no rigid leaves but any leaf of the family is a (disc-like) global transversal 
section for the Reeb flow restricted to \ {P}- Thus in the dynamically convex case we 
have that 

• every orbit of the flow intersects infinitely many times the (disc- like) section S , 

• Is is an area form on S, 

• the first return time is finite and uniformly bounded, 

• the first return map / : Xl ^ Xl is an area preserving diffeomorphism, with area 
form dX\s- 

Define the diameter of a set ^ C S"^ by 

diam(^) := sup dgz^x^y) 

x,y(iA 

We shall need the following 
2.7. Proposition. 

Suppose that the Reeb vector field of the contact form X = /Aq is Kupka-Smale, i.e. all 
its periodic orbits non- degenerate and the stable and unstable manifolds of its hyperbolic 
orbits, when they intersect do it transversally. Furthermore, suppose that {S^,X) is not 
dynamically convex. 

Then there exists A > such that if P is a binding orbit of Conley-Zehnder index ^{P) = 
2 and W is a connected component of W^{P) n XI or W'^{P) H then diamW > A. 



Proof: 

Let P be a binding periodic orbit of Conley-Zehnder index /u(P) = 2. We will prove the 
proposition for VF'^(P) H The proof for the unstable manifold is similar, fiowing the Reeb 
fiow forwards. 

Since the Conley-Zehnder index of P is 2, P is (+)-hyperbolic, i.e. its eigenvalues are pos- 
itive. Then the stable manifold W^''(P) has two connected components which are immersed 
open cylinders. Observe that (iA|iy3(p) = 0, because V7'^(P) is invariant under the Reeb flow 
and hence its tangent space contains the Reeb vector field X, but ixdX = d on 5^. 
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Figure 5. This figure shows how the stable manifold of a binding orbit 
of Conley-Zehnder index 2 cuts embedded circles on nearby leaves of the 
foliation belonging to a 1-parameter family. 

Choose one connected component of VF'*(P). By lemma 7.6 in there is a 1-dimensional 
family of leaves F-j- parametrized by r G [0, 1] which at r — > decomposes into two rigid 
surfaces (C"*", C~) having P as a common asymptotic limit such that the chosen component 
of the local stable manifold ^^^^(P) intersects Fr in a smooth embedded circle Sr for all 
r close to 0. See figure El Flowing VF;Qg(P) backwards, since the flow is transversal to the 
foliation, the stable manifold keeps intersecting the leaves F^- in smooth embedded circles 
for all r g]0, 1[. When r — > 1, the family decomposes into two rigid orbits (C^, C^) with a 
common binding orbit Pi of index 2. Recall that (lemma 5.2 in TH^) in a neighbourhood of 
a binding orbit of odd //-index the solutions make a full turn around the binding orbit in a 
short interval of time. When the family of loops S,- arrives at r — > 1 to the rigid surfaces 
either the connected component of intersection VF*(P) n {Cf U C^) is inside one of the rigid 
surfaces, and in that case the connected component Tii is also an embedded circle, or it 
intersects both surfaces. 

2.8. Lemma. There exist a positive constant 

< yl < min{ diam(P) | P binding orbit }, 

such that if 

- R is a rigid surface of the foliation given by theorem \2.5l 

- P is a binding orbit of Conley-Zehnder index fJ,{P) = 2. 

- S is a connected component of W^{P) D R or of VF"(P) H R which is an embedded 
circle in R. 

Then diam(5') > A. 

Proof: We only prove the lemma for the stable manifold, the same prove applies to the 
unstable manifold. Observe that the binding periodic orbit P must be (+)-hyperbolic. Then 
the connected components of W'^{P) are two topological cylinders. Let W be the connected 
component of W^{P) which contains S. Then 5 is also an embedded circle in W. Hence 
its homotopy class is either or ±1 in 7ri(>V) = Z. 
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If S is homotopically trivial then it bounds a disk in W. Since the Reeb vector field X 
is tangent to W and has no singularities, there is a point s G 5 where X{s) is tangent to 
S. Since S is also included in the leaf R and the vector field X is transversal to F, X{s) 
can not be tangent to S. Therefore S is not homotopically trivial. 

Then S is either homologous to P or to —P inside W. Choose the orientation in S such 
that it is homologous to P. Since 5 is a simple closed curve in W, there is an embedded 
surface Q C W such that as a 2-chain dQ = S — P. Since dXl^ysf^p-j = 0, by Stokes theorem 

<f X= [ d\+l\=lx = T{P), 
Js Jq Jp Jp 

where T{P) is the minimal period of P (recall that the binding orbits are simply covered). 

Let Y be the set of closed continuous curves y : 5^ — > 5] inside a rigid surface which are 
not homotopically trivial. Since the set of rigid surfaces is finite and their ends are a finite 
set of closed orbits, 

a := 5 inf{ diam(y) | y G Y } > 
is positive. Then if S is not homotopically trivial on the rigid surface R then 

diam(5) > a. 

If S is homotopically trivial on R then it bounds an embedded disk D C R. Then 

I dX= (f \> T{P). 
JD Js 

Let 

b := min{ T{P) \ P binding orbit } > 0. 

Since the rigid surfaces are embedded, transversal to the non-singular vector field X, with 
compact closure and finitely many, 

c := inf{ diamZ) \ D ^ 1] embedded disk, dA-area(L') > 6} > 

is positive. Then 

diam(S') = diam(Z?) > c. 

Now let 

A := min{ a, b, c} > 0. 

□ 

In the case the family 5],- intersects at an embedded circle Si only one of the rigid 
surfaces, say Ci, we use lemma 12.81 to show that diam(5]i) > A and continue fiowing 
backwards along a family of leaves F^, r s]l, 2[. The intersection Si continues as embedded 
circles S,- for all r G]1.2[ and we repeat the argument. 
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FIGURE 6. This figure shows how the sta- FIGURE 7. This figure shows the approach 
ble manifold of an hyperbohc periodic orbit P of rigid surface S to an asymptotic hmit Pi 
accumulates on the whole stable manifold of of index n{Pi) — 2. If the unstable manifold 
another hyperbolic periodic orbit when there of Pi intersects transversally the stable mani- 
is an heteroclinic transversal intersection. fold W (P) of another binding orbit P, as in 

figure then figure |7| also shows how the in- 
tersection of ^{P) with the rigid surface S accumulates on the whole asymptotic limit Pi. The 
lower part of the figure is a representation of a neighbourhood of the puncture corresponding to 
Pi in the rigid surface E and the intersection W''{P) D S. 



In the case the family 5],- hits both rigid surfaces C^^ and then in the limit r — > 1 the 
stable manifold must intersect the unstable manifold of binding orbit Pi of index 2 which 
is a common asymptotic limit to and C-f . The family S-j- decomposes into three sets: 
a subset in 1^*(P) n W'^{Pi), which for negative time has no return to the union of rigid 
surfaces S; and two connected components of VF'^(P) H S, one component Si in and 
another Xl^in Cj". Both components are immersions of the real line M in Ci or Ci and 
both contain the periodic orbit Pi in their closure. Hence 



diam(S;+) > diam(Pi) > A, 



and similarly diam(5]^ ) > A. 

Choose one of the components, say "Sf. When we continue flowing backwards Xl^, it 
accumulates on a branch of the stable manifold W^^Pi) by the A- lemma. The argument 
repeats, the branch of W'^{Pi) cuts a family of surfaces Fr parametrized by r G]1,2[ on 
embedded circles S^, and the backward flow of the component "Sf intersects the family on 
connected subsets which accumulate on the whole C VF*(Pi) n Fr, (see figures IHl El • 

When T — > 2 the family F-j- decomposes into two rigid surfaces C^, Cj" and the family 
of connected components 'S^ W^iW) n F^ either intersects only one of them or both. If 
it intersects only one, say the intersection is in the interior of and its closure 
contains the intersection 5'^^2 W^{Pi) n C^, which is an embedded circle. Then 



diam(5]+^2) > diam(5'^=2) > ^- 
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FIGURE 8. This figure shows how the backward flow of a smaU interval J 
of a stable manifold W^{P) which intersects transversally the unstable 
manifold of a binding orbit P2 accumulates on the unstable manifold 
of P2 and its intersection on a rigid surface with asymptotic limit P2 
contains the orbit P2 in its closure. In this case, W^{P) first accumulates 
on W^{Pi) which, in turn, accumulates on W^{P2). 



If the family S+ as r ^ 2 intersects both surfaces and , since is connected, 
it intersects (transversally) W'^{P2)- Choose for example C^. Let G be a connected com- 
ponent of the intersection of as r — > 2 with C^. The G is a 1-dimensional submanifold 
whose forward flow contains an open segment J C I^''(P) with an endpoint in W^{P2)- 
which is transversal to W'^{P2)- Flowing backwards G as in figure |S1 we have that the 
connected component G C must accumulate on the whole periodic orbit P2- Hence 

diam(G) > diam(P2) > A. 

Flowing backwards, we have that G accumulates on the unstable manifold W'^{P2)i and the 
argument goes on. 

Alternatively, we could say that the connected component G accumulates on a whole 
component B of W^{Pi) H C^, which in turn accumulates on the whole periodic orbit P2- 
Thus 

diam(G) > diam(S) > diam(P2) > A; 



and the argument goes on. 



□ 
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We shall be interested in returns to a rigid surface. Let S be a rigid surface. Define the 
return times r„ : S ^ M U {+00} and return maps Fn : [t„ < +00] ^ S to S by 

TO := 0, 

Fn{x) := (^^^(^)(x), if T„(x) < +00; 
r„+i(x) := inf{t > r„(x) | ^pt{x) € S}. 

2.9. Proposition. Suppose that the pair {S^,X) satisfies the hypothesis of proposition \^7]\ 
Let A> Q he the constant given by proposition \2. T\ Let B he an open subset of a rigid surface 
S such that tn\b is finite but not bounded for some N > 0. Then diam{Ffyf (B)) > A. 

Proof: Since t^vIb is not bounded, there is a point q in the boundary dB such that T]\f{q) = 
+00. Let M := max{ A; > | Tk{q) < +00 }. Since tq = 0, we have that < M < — 1. 




B 



W'(P,) 



FIGURE 10. This figure shows how if W^{P) 
intersects another stable manifold W'^{Pi) be- 
fore returning to E, then W{Pi) must inter- 
sect the interior of the forward iterate of B 
before it returns to S. 

FIGURE El The figure shows how the forward flow of an open set i? in a rigid surface 
I] with a boundary point q in the stable manifold W''^{P) intersects a rigid surface 
with asymptotic limit P in a subset which accumulates on the whole orbit P. If its 
forward flow does not intersect other stable manifolds of binding perioidc orbits of 
index 2, then its returns to E are sets which contain in their closure an intersection 
of the unstable manifold W"{P) of P which is a topological circle. 

Since M < N, tm\B < +00. By the continuity of the flow the set [tm < +00] is 
open. The map Fm is a local diffeomorphism on the open set [tm < +00]. We have that 
Fm(5) C S, FM{q) G dFM{B). Moreover, Fm (g) G W'{P) n S for a binding periodic 
orbit P with index = 2. Flowing forward Fm{B) it reaches a neighbourhood of P, 

then intersects a rigid surface accumulating on the whole orbit P as in figure [HJ and then it 
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follows accumulating on W^{P). The forward orbit of Fniiq) accumulates on the periodic 
orbit P and does not return to S. 

Suppose that W^{P) intersects another stable manifold W'^{Pi) of a binding periodic 
orbit Pi with ^{Pi) = 2, with point accumulating on Pi before it intersects S. Then 
by hypothesis W^{P) intersects W^{Pi) transversally. Since the forward flowing of Fm{B) 
accumulates on the whole W^{P), it intersects W^{Pi) before it returns to E (see figureEJ. 
This implies that there are points x £ B for which tm+i{x) = +00. Since M + I < N , this 
contradicts the hypothesis ttvIb < +00. 

Then the unstable manifold W'^{P) intersects S in a circle Sm+i and Fm+i{B) accumu- 
lates on the whole circle Sm+i- By lemma EHl 

diam(PM+i(P)) = diam(PM+i(P)) > diam^Aj+i > A. 

If M + 1 < A^, for each of the following iterates F^, M + 1 < k < N , the argument above 
show that the forward flowing of 5a/+i does not intersect a stable manifold of a binding orbit 
of index 2 before returning to S. Then Sm+i C [tn-m-i < +00], Sn '■= PAf-A/-i(5'j\/-i) 
is a circle and Fb{B) accumulates on Sn- Then diamPjv(P) > diamS^r > A. 

□ 



3. Proof of theorem A . 

The Kupka-Smale theorem for geodesic flows is proven in ^S^, we recall it here. Let 
JJ(n — 1) be the set of r-jets of symplectic automorphisms of M"^^ © M"^"*^ that fix the 
origin. Clearly one can identify Jl{n — 1) with Sp{n — 1). A set Q C Jl{n — 1) is said to 
be invariant if for all a G JJ(ra — 1), aQa^'^ = Q. 

Kupka-Smale theorem for geodesic flows. Let Q C Jg~^{n — 1) be open, dense and 
invariant. Then there exists a residual subset O <Z such that for all g €z O: 

• The (r — l)-jet of the Poincare map of every closed geodesic of g belongs to Q. 

• All heteroclinic points of hyperbolic closed geodesies of g are transversal. 

Let M be a closed 2-dimensional smooth manifold and let Tl^{M) be the set of C rie- 
mannian metrics, r > 4 on M all of whose closed geodesies are hyperbolic, endowed with 
the topology and let J^^(M) = int(W^(M)) be the interior oin^{M) in the topology. 
If (7 G J-^{M), let Per(g') be the closure of the periodic orbits of the geodesic flow of g. 

A hyperbolic set A is said locally maximal if there exists an open neighbourhood U of A, 
such that A is the maximal invariant subset of U, i.e. A = f]^^^d(j)f{U). A basic set is a 
locally maximal hyperbolic set with a dense orbit. It is non-trivial if it is not a single closed 
orbit. It follows that in a basic set the periodic orbits are dense in its relative non- wandering 
set m cor. 6.4.19], 

3.1. Theorem ("H", prop. 5.5, cor. 5.9]). 

If g £ J-^{M) then the closure Pei^g) is hyperbolic. Moreover, Per ((7) decomposes into a 
finite number of hyperbolic basic sets and at least one of them is non-trivial. 
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The non-triviality of the basic set in this theorem (c.f. |S1 cor. 5.9]) is obtained from 
the fact that the geodesic flow for M has infinitely many closed orbits. If M is non simply 
connected, then 7ri(M) is infinite, and any riemannian metric has a minimizing closed 
geodesic in each free homotopy class. If M = S"^, then Bangert ^ and Franks proved 
that M has infinitely many geometrically distinct geodesies. For the projective space P^, 
lifting the riemannian metric on to its double cover 5^ — > P^ one obtains that also P^ 
has infinitely many closed geodesies. 

The arguments in the above theorem need perturbations. For example, it is not 
known if a riemannian metric whose geodesic flow is topologically equivalent to an Anosov 
flow can be C" approximated, r > 3, by a metric whose geodesic flow is Anosov. 

Define an equivalence relation on Per (17) by saying that x ~ y if and only if W^{x) n 
W^{y) 7^ a-nd W^{x) n W^{y) ^ 0. Its equivalence classes are called homodinic classes. 
The spectral decomposition theorem [HSj, |22[ ex. 18.3.7], used to obtain the basic set in 
theorem 13.11 states that the basic set is a whole homodinic dass. 

Proof of theorem A : 

Assume by contradiction that {S^,go) is a C°° riemannian metric which can not be 
approximated by one having an elliptic closed geodesic. Then g S J^^{S'^). We can 
assume that g' is a Kupka-Smale metric. By theorem 13. H there is a hyperbolic non-trivial 
basic set A for the geodesic flow (pt of (5^, 5). Let m be the normalized Liouville's measure 



Since g is C", r > 3, we have that / is C^. Bowen and Ruelle [HI cor. 5.7. (b)] proved 
that since / is C^, if A has positive measure, then A must be open. Since A is closed, either 
m(A) = or A = E. If A = S, then the geodesic flow must be Anosov. But there are no 
Anosov^ geodesic flows for S"^. Thus m(A) = 0. 



Let Q = I^^(A)UW^"(A) = {x a-lim(x) C A or LO-lim{x) C A}. Then Hirsch, Palis, 
Pugh and Shub jlH], proved that 



where for x G A, W^'{x) := nt>o </>-* (a^))) and W^{x) := nt>o cl)t{Be{cl)-.t{x))) are 
the local strong stable and unstable manifolds. Since the homodinic class A for the flow (j)t 
is transitive, Q is connected^. The points in Q \ A are wandering. By Poincare's recurrence 
theorem m{Q \ A) = 0. Hence m{Q) = 0. 

We say that a point a; € A is an interior point of A, if x is an accumulation point of A 
on both connected components of W^^{x) and also of W^"(x). Since A is non-trivial, it has 
infinitely many interior points. 

We shall need the following two lemmas: 



^because 7ri(T^5'^) would have exponential growth (Margulis |28) . Plante & Thurston or Klingen- 
berg \2'i\ \ or also because {S'^,g) would not have conjugate points (Klingenberg |23p. 
"'but its intersections with a transversal "surface of section" may be not connected. 



for (Ti 



(7) 
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Figure 11. This figure shows how if one of a;, i/ €E A is an interior point of the 
homochnic class A, then any z G W^(x) fl VF"(y) is accumulated by homoclinic 
points Zn of periodic points a;„, j/„ in the same homoclinic class A. 

3.2. Lemma. A = W^{k) n W'^{K). 

Proof: Clearly A C W'{S) n M^"(A). Suppose that z e W'{S) n iy"(A). By © there are 
x,y G A such that z £ W^{x) D or z £ W^{x) n W^iy). Suppose it is the first case, 

the second is similar. We have to prove that z £ A. 

The point z may be in a tangential intersection of W^{x) with W^{y) or in a topologically 
transversal intersection. The topologically transversal case is easier and uses the same 
methods, so we prove only the tangential case. 

Suppose that x is an interior point of A. The case when y is an interior point of A is 
similar. Then x is accumulated by points of A in its four quadrants made by Wf^^{x) and 
W^^{x). Since the periodic points are dense in A, there exist sequences Xn ^ x, yn ^ y in 
A n Pei[{g) and points z„ G W'^{xn) n W'^{yn) such that lim„ Zn = z, as in figure ITTl Since 
g is Kupka-Smale and Xn, yn are periodic points, the intersections iti W^{yn) are 

transversal. Since Xn, yn are in the homoclinic class A, we also have that W^{xn)r\W^{yn) 7^ 
0. Then there are hyperbolic sets H inside the homoclinic class A which accumulate on Zn, 
see figure El Therefore Zn G A. Since A is closed, z = lim„ Zn G A. 

Now suppose that x and y are not interior points of A. Then (cf. prop. 2.1.1] or (30) ) 
they are in the invariant manifolds of periodic points. Then the intersection of W^{x) and 
W^{y) at z is transversal. The same argument of last paragraph then shows that z £ A. 

□ 

3.3. Lemma. 

Let X be an interior point of the homoclinic class A. Then there is e = e{x) > such 
that the set Q H B^[x) is closed, where B^[x) is the e-hall centered at x. 

Proof: Observe that for (5 > small enough, the set 

Qs ■■= U Wf{x)iJWf^ 
xeA 
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Figure 12. This figure shows why the point Zn € Wixn) n W"(y„) is in the 
homodinic class A. Since also W^{xn) n W{yn) 7^ 0, the point z„ is accumulated 
by small (transitive) horseshoes H = Hm, each of them also accumulating on a;„. 
By the local product structure on the uniformly hiperbolic set Per(g) the homoclinic 
classes are (relatively) open subsets of Per(g). Thus, when this construction is made 
with a sufficiently thin rectangle A and a very large forward iterate by the flow, the 
periodic points in the horseshoe H are in the same homoclinic class A as Xn- In 
fact the whole (transitive) horseshoe is inside the homoclinic class A, because, by 
the shadowing lemma, for any e > 0, there are e-dense periodic orbits on A. 

is closed. It is enough to prove that for e = e{x) > sufficiently small, Bf;{x) n Q = 
Be{x)r\Q5. 

Let 7^ be a small surface transversal to the vector field of (j)t containing x in its interior, 
which is a topological rectangle whose sides are in two weak stable manifolds and two weak 
unstable manifolds: 

dUc \J Wl{xi) U W"(xi), with xi, X2 G A. 

i=l,2 

Since x is an interior point of A, the diameter of IZ can be chosen arbitrarily small. Let 
r > be such that (pti^Z) H (j)s{TZ) = O for all — r <t<s<T. For simplicity assume that 
r = 2. 

Recall that (cf. jl61 §6] or ^7j) since A is uniformly hyperbolic, its local weak invariant 
manifolds W^{x), W'^{x), x G A are graphs of functions A{x) : E^{x) © {■^(t>t) -E"(x) 
whose domain contains a ball of some fixed radius 2 pi > 0. In particular their diameters 
are larger than pi. Similarly for the strong invariant manifolds. 

We take the diameter of IZ small enough so that if z G 4>s{TZ) n A, s G [—1, 1], then 
[^t&[-5,S] W^'iMz))] r\(t)s{n) and [y^te[~5,5] W^"" {(t)t{z))\ 0^11) are diff erentiable curves 
which cross the rectangle (j)siJZ). Now take e = e{x) > such that i?£(x) C </>[_i^i] (7?.). 
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Figure 13. 



Let y £ Q n (f)s{TZ), s G [—1,1], and suppose that y £ W^{w), with w £ A. The case 
y £ W^^w), w £ A is similar. Consider the connected component T of the intersection of 
the weak stable manifold W^{w) with the rectangle (psO^)- Suppose first that F intersects 
the boundary of (j)s{TZ), necessarily at one of its endpoints z, as shown in figure IT^ Then z 
is in the intersection of W^{w) with W^{xi) or VF"(x2). Therefore, by lemma z is in the 
homoclinic class A. By our choice of the diameter of 7?., we have that y £ Ufg[_5 5] 
Hence y £ Qs. 

Now suppose that F does not intersect the boundary of (j)s{T^)- The curve F = W^{w) n 
(j)s{TV) C int(7^) must have at least one well defined endpoint z, which is in the orbit of some 
w £ A. By our choice of the size of TZ, the stable manifold W^{z) = W^{w) of z € Ar\(f)s{JZ) 
crosses 4)s{'R). Therefore F n 9 [(?!>s(7?.)] 7^ and hence this case can not occur. 

We have proved that Q n Be{x) <^ Q n 0[_i^i](7^) C Q^. 

□ 

Since 5 is a Kupka-Smale metric on S'^, by or op osition 1 1 . 1 1 we can lift the geodesic flow 
to a reparametrization of the Reeb flow of a non-degenerate tight contact form on S^. 

The dynamically convex case. 

In this case there is a closed orbit 7 for the lifted geodesic flow ipt to S"^ and a smooth 
2-dimensional open disk B C such that dB = 7, B is transversal to the lifted geodesic 
flow ipt and intersects every orbit in 5^ \ 7 infinitely many times. Moreover, the differential 
dX of the lifted Liouville's form A is non-degenerate on B, the total area dX = period(7) 
is finite and the Poincare's return map / : B — > B is and preserves A. Also the first 
return time r : D ^]0, +00 [ is uniformly bounded above and below. 

Let A be the lift of the basic set A to and let F := A n B. Let be the normalized 
dA-measure on D. The invariant measure for ■0t induced by fi is the lift of the Liouville's 
measure m. Then /i(F) = 0. Since there are < a < 6 such that the return time r is 
uniformly bounded: a < t(x) < 6, Vx G B, the set F is a uniformly hyperbolic set for the 
Poincare map /(x) = ^/^^(2,)(x). 
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The hyperbolic set T may contain the boundary closed orbit 7 = dD. In that case F 
accumulates on 7 and in particular is not closed. But nevertheless it is locally compact 
inside B. 

Since T is non-trivial it has an interior point x. Let e := mm{e{x), ^d{x,dl]>)} > 0, 
where e{x) is from lemma ESI Let B^{x) be the ball of radius e in B. Let Q be the lift of 
Q intersected with D. Then Q = H^*(r) n W'^{T). Since the points in Q \ F are wandering, 
Ai(Q) = m(F) + /u(Q \ F) = 0. Let i? be a connected component of D \ Q which is contained 
in B^{x). Such R always exist because x is an interiror point of F, B^{x) R Q is closed by 
lemma ESI and /u(Q) = 0. Moreover i? is a topological rectangle whose sides are pieces of 
stable and unstable manifolds of points in F: 

dR C W^%xi) U W^'{x2) U W^ivi) U W^{y2). 

Since R has positive dA-measure, by Poincare's recurrence there exists A'^ > such that 
f^{R) n i? 7^ 0. Since Q is invariant and i? is a connected component of B \ Q, we have that 
f'^{R) = R. Since^ is continuous, f^{dR) = dR. Since local stable manifolds are sent 
to local stable manifolds, using twice the period if necessary, we have that f^^ {Ii) C Ii, 
where Ii := W^{xi) n R. By the intermediate value theorem there is a fixed point y £ Ii, 
f'^^iv) = y- Since g G ^^(5^), y is a hyperbolic point. Since Ii is an invariant curve under 
and y G /i, we have that /i C W'^{y). Parallel sides of the rectangle R are disjoint 
n W^{x2) = 0. We can assume that y ^ W^{xi). Since g is Kupka-Smale, W^{xi) 
intersects transversally Ii at one of its endpoints w. Since if G /i C W^{y), we have that 
f'^^^{W'^{xi)) is transversal to Ii and contains the point f'^^^{w) which approaches y as 
A; ^ +00. Then / P^^{W^{xi)) n int(i?) C Q n mi{R) for some A; G N. But this 
contradicts the choice of R. 

□ 

The non-dynamically convex case. 

Let "0* be the lift of the geodesic flow to S^. Then tpt is the Reeb flow of a tight contact 
form and it is Kupka-Smale. The lift Per(-(/') of Per((7) is also a hyperbolic set. Let A be 
the hft of A and Q the hft of Q. 

For e > and x G Per(-i/'), let W^{x), W^{x) be the e-balls in ^{x), W'^{x). Since the 
set Per('0) is hyperbolic (cf. [22l p. 6.4.13], [3]), for all e > there exists 5 = 5[e] > such 
that 

(8) if y, ze Per(V') and diy,z)<S[e\ then Wj'(y) n ^ 0. 

Let S be a rigid surface such that S n A 7^ 0. Let x G A n S be an interior point of A n S. 
Let 

e = min {6[ld{x,d^)] , A, e{x)} > 0, 

^Another proof from this point is the foUowing: since R is homeomorphic to a disc, and preserves 
a finite measure, by Brouwer's translation theorem there is a fixed point y for inside R. The point 
y belongs to a periodic orbit for ip. Since Pei{tp) is uniformly hyperbolic, if e > is small enough then 
/ W{y) ndR C Wiy) n W"(A). Then y is in the homoclinic class A. Since y £ R, this contradicts the 
choice of R. We shall use this argument in the non-dynamically convex case. We present another argument 
here to show that Brouwer's translation theorem is not needed for the dynamically convex case or for the 
positively curvature case. 
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where A > is from proposition 12.91 e{x) > is from lemma 13.31 and 5[-] is a function 
satisfying (jH)). 

Let -Be(x) be the ball of radius e in E centered at x. By lemma ESI Bf.{x) n Q H S is 
closed. The contact 1-form A is the lift of the Liouville's form on T^S^. The form dX on S 
is finite and is preserved by the return map to S it induces a smooth invariant probability 
/X on S . Since the flow tpt is not Anosov, //(A n S) = 0. Since the points in (Q n S) \ A 
are wandering, by Poincare's recurrence, fJ,[{Q H S) \ A] = 0. Thus fj,{Q H S) = 0. Therefore 
-Be(x) \ Q is an open non-empty set. 

Let R he a connected component of B^{x) \ Q whose closure is in int(i?e(x)). Such 
component exists because x is not isolated in A. Actually, R is an open rectangle with two 
sides in each of W-%A) and Ty"(A). Let r„ : S ^ [0, +oo[U{+oo} and F„ : S ^ S be the 
return times and return maps to S, i.e. 

To = 0, F„(x) = ■(/'r„(x)(a;), Tn+i{x) = mi{t > Tn{x) \ iptix) £ T,}. 

By Poincare's recurrence, there is some > such that F/v(i? n [tn < +oo]) n 7^ 0. 

Suppose that^ int(i?) = R C [tn < +00]. Then -F/v|_r is a local diffeomorphism and then 
FNiR) is connected. If Fat (72) n 5i2 / then there is a point g G dRnFN{R) cQnFN{R). 
Since the set Q is invariant, there is q' £ RCiQ, which contradicts the choice of R. Hence 
Fn{R) ^ R- Since the map Fat : i? — > i? is area preserving and the dA-area of R is finite, it 
can not have a translation domain. By Brouwer's translation theorem F^ has a fixed 
point in R. Then the flow ipt has a periodic point p £ RO Per('0). By the definition of 
S = §[e] above, we have that Wip) D ^ and n W^x) / 0. Then p is in the 

same homoclinic class as x, thus p £ A. But this contradicts the choice of R. 

Then R n [tat = +00] 7^ 0. By the choice of N there exists q £ Rn [tn < +00] such 
that Fj\f{q) £ R. Let B be the connected component of i? H [tat < +00] containing q. 
Since [tn < +00] is open, we have that B is open. Since R H [tat = +00] 7^ 0, tat is 
unbounded in B. By proposition 12. 9[ diamFAr(i3) > A. Since diam(i?) < e < A, we have 
that F]sf{B) (f_ R. But since Fj^{B') is connected, the same argument as above shows that 
Fn{B) C R because F^^iB) DdRQ Fn{B) dQ = $. This is a contradiction. 

□ 
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